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Abstract

Bias from weak instruments may undermine the ability to estimate causal effects in instru-

mental variable regression (IVR). We present here a new approach to handling weak instru-

ment bias through the application of a new type of instrumental variable coined ‘Cross-Fitted

Instrument’ (CFI). CFI splits the data at random and estimates the impact of the instrument

on the exposure in each partition. These estimates are then used to perform an IVR on each

partition. We adapt CFI to the Mendelian randomization (MR) setting and term this adapta-

tion ‘Cross-Fitting for Mendelian Randomization’ (CFMR). We show that, even when using

weak instruments, CFMR is, at worst, biased towards the null, which makes it a conservative

one-sample MR approach. In particular, CFMR remains conservative even when the two

samples used to perform the MR analysis completely overlap, whereas current state-of-the-

art approaches (e.g., MR RAPS) display substantial bias in this setting. Another major

advantage of CFMR lies in its use of all of the available data to select genetic instruments,

which maximizes statistical power, as opposed to traditional two-sample MR where only

part of the data is used to select the instrument. Consequently, CFMR is able to enhance

statistical power in consortia-led meta-analyses by enabling a conservative one-sample MR

to be performed in each cohort prior to a meta-analysis of the results across all the cohorts.

In addition, CFMR enables a cross-ethnic MR analysis by accounting for ethnic heterogene-

ity, which is particularly important in meta-analyses where the participating cohorts may

have different ethnicities. To our knowledge, none of the current MR approaches can

account for such heterogeneity. Finally, CFMR enables the application of MR to exposures

that are either rare or difficult to measure, which would normally preclude their analysis in

the regular two-sample MR setting.

Author summary

We present a new approach to handling weak instrument bias through the use of a new

type of instrumental variable that enables a conservative one-sample Mendelian
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Randomization. The new method provides the same power as the standard two-sample

Mendelian Randomization but does not require summary statistics from a previously

published genome-wide association study in an independent cohort to build the instru-

ment. In particular, our method can quantify the effect of exposures that are either rare or

difficult to measure, which is almost unfeasible with current Mendelian Randomization

methods. Finally, our approach enables a cross-ethnic instrumental variable regression to

account for heterogeneity in a multi-ethnic sample and is also well-adapted to a meta-

analysis setting whereby summary statistics from many participating cohorts are analyzed

jointly.

This is a PLOS Computational Biology Methods paper.

1 Introduction

Mendelian Randomization (MR) is the most widely used bioinformatics tool for causal infer-

ence. By exploiting the random segregation of alleles during meiosis, MR enables testing for

the causal effect of a modifiable exposure on an outcome of interest with minimal risk of con-

founding. Two-sample MR is considered the gold standard of MR methods [1] because it has

higher power than other MR methods and guarantees conservative estimates even in the pres-

ence of weak instruments [2, 3]. Two-sample MR relies on two key assumptions regarding the

sample used to validate the instrument and the sample used to estimate the causal effect:

• The instrument (‘gene-exposure’) and the causal effect (‘exposure-outcome’) have to be esti-

mated in non-overlapping samples, otherwise the estimates would be biased toward the con-

founding effect [4, 5].

• The two samples have to derive from a similar population, i.e., they must have a similar age

distribution, sex ratio, and ethnicity, among others. As with the first assumption, bias is

expected if this assumption is violated [6].

When performing a two-sample MR, the first sample is used to select genetic instruments

that are robustly associated with the exposure and the second sample is used to estimate the

causal effect of the exposure on the outcome using the genetic instruments selected in the first

sample. In most two-sample MR settings, the lead single-nucleotide polymorphisms (SNPs)

identified from a large GWAS or genome-wide association meta-analysis (GWAMA) that

show robust associations with the exposure are routinely used to build the genetic instrument

to be used in the first sample [7]. Thus, performing a two-sample MR using an exposure for

which there are no previously reported summary statistics requires coordinating the analysis

between at least two large cohorts from a similar population, which is time-consuming and

often unfeasible.

One-sample MR can be used when two-sample MR is not feasible. Compared to two-sam-

ple MR, one-sample MR employs the same sample to identify genetic variants as instruments

for estimating the effect of interest. However, one-sample MR approaches are heavily influ-

enced by weak instrument bias and the winner’s curse, which can be substantial in finite sam-

ples [8]. We refer to these two sources of bias as ‘endogeneity bias’ in the rest of the article.

Further, if not stated otherwise, we refer to ‘one-sample MR’ as one-sample MR methods that
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do not account for endogeneity bias. One-sample MR approaches can have severely inflated

type I error and produce spurious findings [8] when the endogeneity bias shifts the estimate of

the causal effect toward the confounded effect [5, 9], as opposed to two-sample MR in which

the estimate is simply biased toward the null.

Here, we present a novel approach to performing one-sample MR that accounts for endo-

geneity bias and adequately controls the type I error even under extreme scenarios where the

instruments are very weak (e.g., with an explained variance of�0.01%) and the association is

strongly confounded. Under such scenarios, the standard one-sample MR is heavily biased

and has an inflated type I error. Our solution relies on a simple modification of the two-stage

least square (2SLS) procedure [10] that satisfies the main assumptions of two-sample MR (i.e.,

the samples are non-overlapping and stem from a similar population) while using only a single

dataset for instrument selection. This modification exploits the concept of cross-fitting (CF)

from the double/debiased machine-learning (DML) approach proposed by Chernozhukov

et al. [11]. In essence, we construct a new type of instrument based on CF, coined ‘Cross-Fitted

Instrument’ (CFI), that allows a conservative estimation of the causal effect of an exposure on

a given outcome. In the rest of the article, we refer to a conservative estimate as one which is,

at worst, biased toward zero. Other ideas analogous to CF can be found in the earlier works by

Angrist et al. [12, 13]. CFI differs from these approaches in that it uses a data-splitting proce-

dure that allows all of the available data to be used in instrument selection, thus eliminating

the need for sub-sampling [12]. Consequently, CFI is able to reduce the computational burden

compared to the jackknife procedure by Angrist et al. [13].

We term the adaption of CFI to MR as ‘Cross-Fitting for Mendelian Randomization’

(CFMR) and show that it exploits more of the available data than traditional two-sample MR

when estimating the causal effect of an exposure on an outcome of interest. Other works on

debiased one-sample MR have recently appeared in the literature [8, 14, 15], but the need for a

sufficiently large sample size [14] or being restricted to inverse-variance two-sample weighting

MR [8, 15] are recognized limitations. By contrast, CFMR is applicable to smaller sample sizes

and is easily adaptable to a polygenic risk score (PRS) setting [16]. Finally, our work is also

related to the recently proposed ‘causal gradient boosting’ approach by Bakhitov and Singh

[17]. Like us, Bakhitov and Singh [17] also use CF to construct a new type of instrument. Spe-

cifically, they use CF to build an aggregated predictor of the exposure. CFMR differs from

their approach in that it uses CF to build an instrument using different predictors of the expo-

sure to generate its components.

2 Methods

In their pioneering work, Chernozhukov et al. [11] proposed two causal estimators, DML1

and DML2, that are asymptotically equivalent. We present here their MR counterparts,

CFMR1 and CFMR2, that are also asymptotically equivalent. For extensive details regarding

the optimal selection of genetic instruments, readers are referred to the work by Hemani et al.
[16]. Here, we restrict ourselves to the case where the genetic instrument does not exhibit

pleiotropic effects [18]. In the subsections below, we explain the concept of K-fold CFI and

define the estimators CFMR1 and CFMR2. To further ease comprehension, we also provide a

simple example of the 2-fold CFMR in the S1 Appendix (see the subsection called ‘2-fold

CFMR’).

2.1 Setup

Let Y be a continuous outcome, X a continuous exposure, and Z a matrix containing U instru-

ments. We assume that Y, X and Z are connected through the following linear regression
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models:

Y ¼ b0X þ U; E½UjP;Z� ¼ 0 ð1Þ

X ¼ ZPþ V; E½VjZ� ¼ 0 ð2Þ

The parameter of interest, β0, is the causal effect of X on Y, P is the vector of regression

coefficients for the instruments, U and V are two correlated errors, and E is the expectation

operator. For the sake of simplicity, we focus on a linear relationship between the instruments

(Z) and the exposure (X). However, our approach can easily handle non-linear relationships

between Z and X (see the section below).

2.1.1 K-fold CFI. A CFI based on K� 2 splits is referred to as a K-fold CFI, which can be

described as follows. Let us consider K-fold random partitions of the observation indices [N] =

(1, . . ., N), where the size of each fold is N
K. We refer to these partitions as (Ik)k21: K. For each

k 2 (1, . . ., K), we define the complement of the partition Ik as Ick ¼ f1; . . . :;N =2 Ikg. For each

k, we selectUk independent variants ~Zk ¼ Z1;k; . . .;ZUk ;k

� �
by performing a GWAS of the con-

tinuous exposure X using the data in Ick. In our application to a real dataset (see the subsection

‘Application of CFMR to a real dataset’ further below), ~Zk is the output of the clumped GWAS

result of X using data with an index in Ick.
We then use these Uk variants to build predk (a predictor of X) and use the data with an

index in Ick as a training set. The predictor predk can be based on any machine learning/statisti-

cal method suitable for building IVs, such as the least absolute shrinkage and selection opera-

tor (LASSO) [19] or PRS [20]; in case of non-linear relationship between Z and X, non-

parametric methods such as generalized random forest [21] can be applied. For each k, we

define the CFI of X on Ik as:

X̂k ¼ predkððZi;1;k; . . . ;Zi;ϒk ;k
Þi2IkÞ ð3Þ

Where Zi,l, k is the variant Zl,k of individual i. A CFI on Ik is the prediction of X on Ik using a

predictor of X trained using data with an index in Ick. Thus, X̂k is a vector of length N
K. For i 2 Ik,

we denote the predicted exposure of individual i using predk as X̂k;i. Finally, the K-fold CFI, �X ,

is a vector of length N, where each of its component is defined as:

�Xi ¼ X̂k;i for i 2 Ik ð4Þ

Simply put, �X is a concatenation of the vectors ðX̂kÞk2⟦1:K⟧.

2.2 CFMR

The CFMR1 estimate of β0 is defined as:

b̂CFMR1
0

¼
1

K

XK

k¼1

2SLSðXIk
;YIk

; X̂kÞ ð5Þ

where 2SLS is the 2SLS estimator [22], as in:

2SLSðX;Y;ZÞ ¼ ½XtZðZtZÞ� 1ZtX�� 1XtZðZtZÞ� 1ZtY ð6Þ

where the exponent t is the transpose operator. This estimate corresponds to the final step

(step 4) in panel b in Fig 1. CFMR1 consists of performing an IVR on the partition Ik using X̂k

as instrument. We then average the estimates of these IVRs to obtain the final estimate.
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The CFMR2 estimate of β0 is simply defined as:

b̂CFMR2
0

¼ 2SLS X;Y; �X
� �

ð7Þ

¼ ½Xt �X �Xt �X
� �� 1 �XtX�� 1Xt �X �Xt �X

� �� 1 �XtY
ð8Þ

In essence, CFMR2 consists of performing a single IVR on the entire dataset using �X as

instrument. In both CFMR1 and CFMR2, b̂0 is asymptotically normally distributed around β0

(for details, see [12, 13]).

Finite sample conservative estimation

As pointed out by Nagar [9], the bias of a 2SLS estimate depends on the strength of the instru-

ments as well as the number of instruments used. In particular, Nagar [9] showed that increas-

ing the number of instruments while keeping the overall strength of the instruments constant

results in an increased bias in the 2SLS estimates. The bias due to the number of instruments is

proportional to the following quantity:

E½UZP̂� ¼ E½E½UZP̂jZ�� ¼ E½ZðZtZÞ� 1
� ZtE½UVtjZ�� ¼ E½ZðZtZÞ� 1Zt � sU;V � ¼

ϒ
N
sU;V ð9Þ

where sU;V ¼ E½UVtjZ� is the covariance of the error terms in the first- and second-stage

regression. Similar to the argument set forth by Angrist et al. [13], given that we use a CF pro-

cedure, X̂ ¼ ZP̂ is by design independent of U, with the error terms being independent as

well, which implies that E½UZP̂jZ� ¼ 0. In other words, since the endogeneity bias in 2SLS is

proportional to the correlation between the estimates of the first- and second-stage regression,

we aim at waiving this bias by setting this correlation to zero.

The results of the simulations are provided in Section 3.1 in the S1 Appendix (see also S1

Fig and S1 Table). The results of the simulations detailed in Section 3 of the S1 Appendix show

that CFMR is not unbiased in finite samples. The bias is negligible, as the simulations also

show that CFMR1 and CFMR2 are biased toward the null (similar to two-sample MR [23]).

This bias toward the null makes CFMR1 and CFMR2 conservative approaches. The Jackknife

IV [13] is a special case of CFMR2 for K = N, and is also biased toward the null in finite sam-

ples. However, we show that the bias decreases with increasing sample size. More specifically,

the CFMR1 and CFMR2 estimates converge to their true value at a rate of sffiffi
ð
p

nÞ
regardless of

the strength of the instrument (for details on the convergence results, see [12], proposition 2).

The convergence speed of CFMR is the same as that of the standard two-sample MR [24],

implying that the two approaches have the same asymptotic power.

Further, we performed an extensive assessment of the behavior of CFMR with regard to

how it handles bias, type I error, convergence speed, and statistical power. Specifically, we

demonstrate that CFMR is conservative even under extreme scenarios in which standard one-

sample MR is heavily biased (see Section 3.2 in the S1 Appendix). Lastly, we describe a simple

modification of the CFMR procedure to handle heterogeneity when analyzing a dataset con-

taining multiple ethnicities (Section 3.3 in the S1 Appendix). We show that our modification

of CFMR can improve the precision of the 2SLS estimates substantially and provide smaller

confidence intervals compared to the standard CFMR.
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3 Results

3.1 Assessment of the statistical properties of CFMR

We assessed the behavior of CFMR in terms of the type I error, bias, convergence speed, and

statistical power when LASSO is used to build the exposure predictors pred1 and pred2. We

refer to CFMR as the estimator CFMR2. Note that we chose CFMR2 over CFMR1 because, as

is the case with DML1 and DML2 [11], CFMR2 exhibits a better finite sample size perfor-

mance than CFMR1. Similar to the simulation setup in Deng et al. [24], we consider a set of

300 independent variants (V1, . . .., V300) for each simulation, where each variant has a minor

allele frequency of 0.3 and only the first five variants are associated with the exposure. The

exposure is generated as X ¼
P5

l¼1
plVl þ v and the outcome as Y = β0X + u, where v and u are

two correlated error terms generated from a bivariate normal distribution.

U

V

 !

� N
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0
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5 0:8
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The variants have the same effect (i.e., π1 = . . . = π5 = π), where π is selected to ensure that

the variants explain h2 = 20% of the variation in the exposure. Note that our simulation setup

differs in two important ways from the one in Deng et al. [24]. Firstly, the five variants associ-

ated with the exposure are assumed to be known in the simulations by Deng et al. [24] (i.e., the

authors assume to know which SNP is a valid instrument and the effect it has on the exposure).

Whereas Deng et al. only use the five truly-associated variants as instruments, we consider a

more stringent setup where we purposefully dilute the effects of the five truly-associated vari-

ants by adding 295 non-associated variants. Secondly, the amount of confounding is larger in

our case. This simulation setup makes it more challenging to construct accurate predictors of

the exposure compared to the one by Deng et al. [24], particularly when the sample size is

small and the IV is weak.

Fig 1. Schematic overview of two-sample MR and two-fold CFMR. Panel (a) shows the two-sample MR setup in which the first sample is used to

build the instrument and the second sample is used to estimate the causal effect. Panel (b) shows the two-fold CFMR setup. Step 1 in panel (b) describes

the random splitting of the dataset into two sub-samples. In step 2, two separate GWASs are performed: the first using sub-sample 1 and the exposure

and the second using sub-sample 2 and the exposure. The predictors of the exposure are subsequently built based on sub-sample 1 (IV1) and sub-

sample 2 (IV2). Step 3 refers to the 2SLS in which IV1 is applied to sub-sample 2 and IV2 is applied to sub-sample 1 to obtain the estimates of these

IVRs. Finally, in step 4, the two 2SLS from step 3 are simply averaged to obtain the final estimate.

https://doi.org/10.1371/journal.pcbi.1010268.g001
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We applied CMFR to each simulated dataset using a LASSO-based IV after applying ten

random splits. We considered various sample sizes (N = 1, 000 to 10, 000) and different β0 val-

ues (-0.08, -0.05, 0, 0.05, and 0.08), similar to the simulations by Deng et al. [24]. For each

combination of sample and effect size, we simulated 1000 datasets. Fig 2 summarizes the

results of our simulations; we also provide a numerical summary of these simulations in S1

and S2 Tables. Further we assessed the type I error, bias, and power of CFMR for different esti-

mates of the variance explained by the exposure (h2 = 0%, 0.001%, 0.01%, 0.1%, 1%, 5%, and

10%) and different sample sizes (N = 1, 000, 5, 000, 10, 000, 50, 000, 100, 000, and 500, 000).

For large sample sizes (e.g., N = 100, 000 or N = 500, 000), we were unable to perform as many

simulations as with the smaller samples. We provide a numerical summary of these simula-

tions in S3 and S4 Tables. Simulations were performed on a computer cluster with 32 CPUs

and 128 GB RAM.

Fig 2. Power curves for CFMR versus two-sample MR (2SMR) using the simulation setup described in the Simulations section in the main text

(with h2 = 20%). The dashed lines represent power curves for CFMR, while the solid lines represent the theoretical power for 2SMR [24]. Note that the

solid pink line covers the solid red line perfectly (top part of the graph). These lines fully overlap as a result of symmetry. Given that the solid lines are

generated from the theoretical power formula of two-sample MR (see Deng et al. [24]), the red and pink curves correspond to the same effect size (in

terms of magnitude) but have opposite signs. The same is the case for the solid blue and gold lines in the middle part of the graph.

https://doi.org/10.1371/journal.pcbi.1010268.g002
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3.2 Comparison with competing approaches

In this section, we perform a number of simulations to show that current MR approaches that

can account for weak instrument bias, such as MR RAPS [25] and the method by Barry et al.
[26], are heavily biased when using completely ‘overlapping’ datasets (which, in the current

context, means using a single dataset). CFMR, on the other hand, remains conservative. The

simulations were performed as follows. For each simulation, we consider a set of 300 indepen-

dent variants (V1, . . .., V300), where each variant has a minor allele frequency of 0.3 and only

the first five variants are associated with the exposure. As mentioned in Section 3.1 above,

these criteria are similar to the simulation setup in Deng et al. [24]. The exposure is generated

as X ¼
P5

l¼1
pVl þ v and the outcome as Y = β0X + u, where v and u are two correlated error

terms generated from a bivariate normal distribution.
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We consider the following two scenarios: 1) the variants explain 10% of the variance of X
(h2 = 10%), and 2) the variants explain 20% of the variance of X (h2 = 20%). On each simulated

dataset, we apply CFMR using a LASSO-based IV and ten random splits. The same was applied

to MR RAPS [25] and the Barry et al. method [26]. We also build the predictor predall of X
using LASSO and the entire dataset. We then use the prediction predall on the entire data as

instrument. We refer to ‘one-sample MR estimates’ when estimating the effect of X on Y using

the prediction of predall. We consider various sample sizes, ranging from 1, 000 to 50, 000, and

set β0 = 0.08. For each combination of sample and effect size, we simulate 1000 datasets. The

results of these simulations are summarized in Fig 3 and S7 Table.

The results of our simulations show that CFMR remains conservative when using a single

dataset to perform an MR analysis (see Fig 3), whereas the other approaches show substantial

bias. Notably, the bias from MR RAPS and the Barry et al. method seems to depend on the

strength of the instrument, whereas CFMR does not display any bias due to instrument

strength. Furthermore, it is clear from Fig 2 that CFMR and two-sample MR have very similar

power. CFMR also shows excellent control of the type I error for the different nominal levels

tested (see S2 Table and S4 Fig).

4 Application of CFMR to a real dataset

We applied CFMR2 to a dataset of mother-newborn dyads from the Norwegian Mother,

Father, and Child Cohort Study (MoBa) [27]. Our objective was to re-examine the well-estab-

lished effect of maternal pre-pregnancy BMI on newborn’s birth weight [28]. We chose

CFMR2 over CFMR1 because, as is the case with DML1 and DML2 (see [11]), CFMR2 exhibits

a better finite sample size performance than CFMR1. After applying the quality control criteria

outlined in Section 4 in the S1 Appendix, 26, 896 complete mother-newborn dyads with geno-

type and phenotype data remained for the current analyses. As additional criteria, we assumed

random mating between parents and independence between mothers (i.e., no sibships) [29].

The maternal genotype was used to build the instrument for pre-pregnancy BMI. CFMR was

run on the 26, 896 mother-newborn dyads using 10 random splits; i.e., 10 separate GWASs of

pre-pregnancy BMI were performed, with each GWAS encompassing 24, 210 randomly

selected mothers (approx. 90% of the original 26, 896 mothers). As our sample is relatively

modest in size, we only used the first three principal components (PCs) to adjust for popula-

tion stratification in each GWAS.
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The Manhattan plots of the 10 GWASs are provided in Figs S9-S18 in the S1 Appendix. The

results across the GWASs are similar and show a systematic replication of the top hits previ-

ously identified by two large GWAMAs of BMI [30, 31]. These include SNPs in the genes FTO,

TMEM18, and MC4R. Furthermore, we clumped the results of each GWAS using PLINK ver-

sion 1.9 [32] and used r2 = 0.1 within a 500-kb window as criterion. We then selected SNPs

with a P-value below 10−6 and used LASSO to build a predictor of maternal pre-pregnancy

BMI. The most fitting λ parameter for the LASSO was determined by cross-validation using

the cv.glmnet function from the R package glmnet [33]. The next step was to build the CFI by

predicting each mother’s pre-pregnancy BMI using a predictor trained on a dataset that does

not contain the data to be predicted. To assess the effect on the CFMR estimate of using

Fig 3. Summary of the results of the simulations to assess bias due to complete sample overlap and weak instruments across different MR

methods. For details, see Section 3.2 in the main text. Each panel displays the box plots of the estimated effect according to method used (1SMR, Barry

et al. [26], CFMR, and MR RAPS) and sample size (1000, 5, 000, 10, 000, and 50, 000). The y-axis corresponds to the estimated effect. The solid

horizontal black line corresponds to the true value of the effect to be estimated. The different types of box plots correspond to the variance X explained

by the genetic marker used as instruments (10% and 20%). The red box plots correspond to the estimates based on one-sample MR, the green box plots

the estimates based on the Barry et al. [26] method, the purple box plots the estimate using MR RAPS, and finally, the blue box plots the estimates using

CFMR.

https://doi.org/10.1371/journal.pcbi.1010268.g003
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different thresholds for including SNPs in our CFI, we repeated the above procedure using dif-

ferent P-value thresholds ranging from 10−3 to 10−8 to build a CFI for each of these thresholds.

In addition, to contrast CFMR with one-sample MR, we also performed a GWAS of pre-

pregnancy BMI using the entire dataset of 26, 896 mother-newborn dyads in MoBa. Again, we

clumped the results of the GWAS and selected SNPs with a P-value below 10−6 to build a pre-

dictor of maternal pre-pregnancy BMI by applying LASSO to the entire dataset. We then used

the prediction of the predictor of maternal pre-pregnancy BMI as instrument. We refer to the

estimation of the effect of maternal pre-pregnancy BMI on birth weight as ‘one-sample MR

estimation’. Similar to the analyses above for the truncated dataset, we used different P-value

thresholds ranging from 10−3 to 10−8 and estimated the effect of maternal pre-pregnancy BMI

for each of these thresholds.

Finally, we also performed a two-sample MR estimation of the effect of maternal BMI on

birth weight to compare with the CFMR results. This was done using the same SNPs and β val-

ues as in Tyrrell et al. [28] to generate a PRS for maternal BMI. We then performed a 2SLS to

evaluate the effect of maternal pre-pregnancy BMI on birth weight using the PRS for pre-preg-

nancy maternal BMI as instrument. As these SNPs and regression coefficients were deter-

mined using the results from a published GWAMA on BMI [34] (n = 123, 865) that did not

include the current dataset from MoBA, any bias due to sample overlap is minimized in our

two-sample MR [5].

4.1 Application results

Except for the CFI constructed using SNPs with a P-value below 10−8, CFIs of maternal pre-

pregnancy BMI explained about 1% of the variance in pre-pregnancy BMI (Table 1). When

testing the CFIs for association with potential confounders, such as maternal age and pre-preg-

nancy maternal smoking [28], we found no evidence of an association between these variables

and the CFIs constructed using SNPs with a P-value below 10−6. By contrast, for CFIs con-

structed using SNPs with a P-value threshold larger than 10−6, we observed moderate to strong

associations with these variables. The results are summarized in S6 Table.

Table 1. CFMR estimates of maternal pre-pregnancy BMI on newborn’s birth weight per 1 SD increase in maternal pre-pregnancy BMI.

−log10 SNP P-value 1SMR estimate 1SMR Std. error CFI variance explained (%) CFMR estimate CFMR Std. error P-value 95% CI SNPs per split

-3 84.4 4.4 1.112 101.6 25.0 0.00005 52.6–150.6 1798

-4 88.6 5.8 1.102 113.8 26.3 0.00002 62.2–165.5 624

-5 88.1 8.4 1.101 94.3 26.6 0.00038 42.3–146.4 198

-6 94.5 12.3 1.112 82.4 24.9 0.00093 33.6–131.2 52

-7 85.6 16.3 0.951 73.4 27.0 0.00657 20.5–126.2 22

-8 108.1 19.2 0.044 87.0 38.4 0.02351 11.7–162.3 6

‘−log10 SNP P-value’ corresponds to the cutoff used to build the CFI.

‘1SMR estimate’ corresponds to the estimation using one-sample MR.

‘1SMR Std. error’ corresponds to the standard error of the estimation based on one-sample MR.

‘Variance explained’ corresponds to the pre-pregnancy variance explained by the CFI.

‘SNPs per fold’ corresponds to the average number of SNPs with a P-value below a given threshold after clumping the output of each GWAS of maternal pre-pregnancy

BMI.

‘Selected SNPs per fold’ corresponds to the average number of SNPs selected by LASSO to build the instrument in each fold.

Abbreviations: 1SMR, one-sample MR; CFI, Cross-Fitted Instrument; Std. error, standard error; CFMR, Cross-Fitting for Mendelian Randomization CI, confidence

interval;

https://doi.org/10.1371/journal.pcbi.1010268.t001

PLOS COMPUTATIONAL BIOLOGY Cross-fitted instrument: A blueprint for one-sample Mendelian Randomization

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1010268 August 29, 2022 10 / 21

https://doi.org/10.1371/journal.pcbi.1010268.t001
https://doi.org/10.1371/journal.pcbi.1010268


For each CFI, we performed 2SLS to estimate the causal effect of maternal pre-pregnancy

BMI on newborn’s birth weight. To follow the approach of Tyrrell et al. [28], we also adjusted

for maternal age and fetal sex in each of these 2SLS. The CFMR2 estimates remained similar

across the different CFIs (Table 1 and S5 and S21 Figs). Table 1 summarizes the CFMR esti-

mates generated using the CFI based on SNPs with a P-value below 10−7. We used this CFI

because it explained a relatively large fraction of maternal pre-pregnancy BMI (0.91%) and

was not associated with any of the potential confounders.

The results of our CFMR analyses indicated that a genetically-predicted increase of 1 SD of

maternal pre-pregnancy BMI (4:2
kg
m2) was associated with an increase in newborn’s birth

weight of 73.35 g (95% CI: 20.46 − 126.24, P = 6.56 × 10−6), which corresponds to an increase

in newborn’s birth weight of 17.42 g (95% CI: 4.86 − 29.98, P = 6.56 × 10−6) per unit increase

in genetically-predicted maternal pre-pregnancy BMI. These CFMR estimates are similar to

the observational associations in our dataset; that is, of an increase of 81.90 g (95% CI: 75.93

− 87.88, P< 10−16) in newborn’s birth weight per 1 SD higher maternal pre-pregnancy BMI,

or an increase of 19.44 g (95% CI: 18.03 − 20.87, P< 10−16) per unit increase of genetically-

predicted maternal pre-pregnancy BMI. Lastly, our two-sample MR results indicated that

a genetically-predicted increase of 1 SD of maternal pre-pregnancy BMI (4:2
kg
m2) was

associated with an increase in newborn’s birth weight of 71.74 g (95% CI: 39.08 − 104.40,

P = 1.67 × 10−5), which corresponds to an increase in newborn’s birth weight of 11.12 g (95%

CI: 6.06 − 16.18, P = 1.67 × 10−5) per unit increase of genetically-predicted maternal pre-preg-

nancy BMI.

5 Discussion

This study presents a new type of IV, termed CFI, that is readily adaptable to an MR setting.

The main advantage of CFMR over regular two-sample MR is its ability to perform a two-sam-

ple MR using a single sample, allowing its application to considerably smaller sample sizes

than is currently feasible with conventional two-sample MR methods. Furthermore, CFMR

ensures that the population assumptions of MR are satisfied. Additional advantages of CFMR

include affording the same power as a two-sample MR and allowing estimates from multiple

CFMRs to be meta-analyzed while taking into account heterogeneity between the different

estimates. As CFMR is modular, it lends itself easily to parallel-computing and can therefore

be used in conjunction with many statistical methods to build multiple variant scores for

downstream analyses, such as PRS [35] or LASSO-based instruments [19, 36–38].

Compared to two-sample MR, in which one sample is used to build the instrument and the

other sample to test for association, CFMR allows a conservative estimation of causal effects

using two samples from the same source population. If two separate samples are available for

analysis, CFMR can be applied to each sample separately followed by a meta-analysis of the

results. As meta-analyzing the results increases the active sample size of the study compared to

a two-sample MR, CFMR can potentially enhance statistical power in MR analyses. Similarly,

CFMR can easily handle multiple ethnicities in the same sample by building a CFI for each eth-

nicity and aggregating these into a cross-ethnic CFI (see Fig 4 and Section 2 in the S1 Appen-

dix and S23 Fig and S8 Table). This type of cross-ethnic MR enables accounting for the

heterogeneous genetic architecture of the outcome across different study sub-populations. An

example of such an outcome is color blindness, which is substantially more heritable in males

than females. In particular, our results showed that cross-population CFMR is conservative

even when applied to a heterogeneous population. Moreover, it can be up to 37-fold more pre-

cise than methods that disregard population heterogeneity.

PLOS COMPUTATIONAL BIOLOGY Cross-fitted instrument: A blueprint for one-sample Mendelian Randomization

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1010268 August 29, 2022 11 / 21

https://doi.org/10.1371/journal.pcbi.1010268


Chernozhukov et al. [11] reported that the number of splits has negligible impact on the

asymptotic convergence speed of the DLM methods. Interestingly, our data also showed that

the number of splits had no appreciable effect on the convergence speed of the exposure pre-

dictors in CFMR. However, as the power of 2SLS depends heavily on the prediction accuracy

of the IV [24], it is critical to obtain as good of a genetic predictor of the exposure as possible.

For instance, two to five splits may be sufficient if a large sample size (� 100, 000) is available

for analysis and the exposure is highly heritable (e.g., if a few SNPs have large individual effects

on the exposure), but for more complex traits and smaller sample sizes, it may be better to

increase the number of splits to improve the predictive performance of the exposure predictors

[11]. As a rule of thumb, we recommend using CFMR with 10 splits. In case the exposure is

particularly difficult to predict, or the sample size is limited (� 5000), or both, using 20–30

splits may provide some improvement. In addition, we recommend using CFMR2 in most

practical settings, as also recommended for DML1 versus DML2 by Chernozhukov et al. [11].

The rationale for this is that CFMR1 is asymptotically equivalent to CFMR2, but as CFMR1 is

an average of estimates based on small datasets, which can be noisy, CFMR1 tends to be less

powerful than CFMR2 for small sample sizes. In our presentation of CFMR, we suggest clump-

ing the GWAS results prior to building the IV. However, the application of other steps, such as

co-localization [39, 40] or whole-genome (LASSO) regression [41], may also be worth pursu-

ing in this context.

Fig 4. Schematic overview of the application of CFMR to a dataset comprising two ethniticies. In step 1, the two ethnicities are first separated into

two distinct datasets, where each dataset contains individuals of the same ethnicity. In step 2, the dataset is split at random for each ethnicity. In step 3,

two separate GWASs are performed: the first using sub-sample 1 and the exposure and the second using sub-sample 2 and the exposure. The

predictors of the exposure are subsequently built based on sub-sample 1 (IV1) and sub-sample 2 (IV2). Step 4 refers to the 2SLS using IV1 on sub-

sample 2 and IV2 on sub-sample 1, and, for each dataset, the two 2SLS from step 3 are averaged. Finally, in step 5 the two estimates are meta-analyzed

to obtain the final estimate.

https://doi.org/10.1371/journal.pcbi.1010268.g004
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Our simulations indicate that CFMR remains unbiased as long as the sample size is suffi-

ciently large (� 100, 000). When the variance explained by the instruments is small, e.g., when

h2� 1%, CFMR is biased toward the null, which makes it a conservative approach for causal

estimation. Therefore, non-significant results based on relatively small sample sizes or very

weak instruments are likely to be false-negatives and should therefore not be disregarded from

future investigations. Another attractive feature of CFMR is its good control of type I error,

even when no instrument is associated with the exposure (i.e., h2 = 0). This tight error control

is partially due to the standard errors of CFMR being too large for small sample sizes (� 10,

000), which is not unexpected considering that the standard error for 2SLS estimates is based

on normal approximation, which may not be valid for small sample sizes [22]. Obtaining nar-

rower confidence intervals for weak CFIs may increase the power of CFMR for analyzing com-

plex traits and exposures that have low heritability a priori.
Future research should focus on deriving the CFMR distribution for weak instruments

using robust variance estimates. Aside from analytical challenges inherent to limited sample

size, our simulations showed bias toward the null for weak instruments (h2� 1%), which is as

expected given that we do not assume to know the causal variant a priori. For instance, when

the total variance explained by the SNPs is 0.1%, each SNP explains only around 0.02% of the

exposure heritability. Therefore, it becomes challenging for LASSO [36] to select causal vari-

ants among the 300 variants used in our simulations. As with many other MR-based methods,

CFMR is not immune to pleiotropy. In future developments of CFMR, we plan to design a

one-sample MR method that accounts for endogeneity bias and is robust against pleiotropy

(using recent insights from, for example, [18, 42]).

In our application of CFMR to real data, we estimated the effect of maternal pre-pregnancy

BMI on newborn’s birth weight in the Norwegian MoBa study. Predictors of maternal pre-preg-

nancy BMI explained, on average, 11.4% of the variance in maternal pre-pregnancy BMI in the

training sets (Supplementary S10–S20 Figs). In comparison, our CFI based on SNPs with a P-

value below 10−7 explained only 0.915% (P-value� 10−16) of the variance. The difference in var-

iance explained by the CFIs in the training versus test set illustrates how CFMR can circumvent

the problem of overfitted instruments that can lead to endogeneity bias [5] (see also Supple-

mentary S9–S20 Figs). The variance explained by our CFIs is smaller (between 0.95% and

1.11%) than the variance explained by the IVs used by Tyrrell et al. (1.8%) [28]. Interestingly,

our estimates of maternal pre-pregnancy BMI on newborn’s birth weight were similar to those

reported by Tyrrell et al. [28] and to the ones we obtained using a two-sample MR in the MoBa

sample. Notably, in the Tyrrell et al. study, 1 SD increase in maternal pre-pregnancy BMI (4
kg
m2

in Tyrrell et al. and 4:2
kg
m2 in our analysis) corresponded to an increase of 55 g (95% CI: 17 − 93)

in newborn’s birth weight (compared to 73.35 g (95% CI: 20.46 − 126.25) in our analysis).

In the Tyrrell et al. study, the observational association corresponded to an increase of 62 g

(95% CI: 56 − 70) in newborn’s birth weight per 1 SD of higher maternal pre-pregnancy BMI.

Furthermore, the confidence intervals in the Tyrrell et al. study were narrower than ours. This

is because the IVs used by Tyrrell et al. explained 1.8% of the pre-pregnancy maternal BMI

variance compared to 0.95% in our case. Nonetheless, the IVs in Tyrrell et al. were constructed

using the results of a previously published GWAMA of BMI [34] that is approximately five-

fold larger than our dataset. Therefore, the overall two-sample MR of Tyrrell et al. required a

sample size approximately six times larger than ours. In their analysis, Tyrrell et al. used 123,

865 genotyped individuals to identify the instruments and 25, 265 genotyped individuals to

estimate the effect of pre-pregnancy maternal BMI on birth weight. In contrast, our CFMR

estimate was based on 26, 896 genotyped individuals. This illustrates how CFMR can provide

accurate causal estimates using substantially smaller datasets.
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As recently pointed out by Zhang et al. [6], variations across populations may lead to biased

estimates in an MR analysis. It is interesting to observe that our CFMR estimates were similar

to those of the one-sample MR. The fact that the CFMR estimates were similar to the observa-

tional associations points to minimal confounding in the analyses. It is, therefore, not unex-

pected that the one-sample MR estimates would be similar to the CFMR estimates (see Table 1

and S21 Fig). However, the standard errors of one-sample MR estimates were smaller than

those of the CFMR estimates. These small standard errors are likely due to the inability of one-

sample MR to handle overfitting, which results in an overly confident estimation (S21 Fig) and

biased inference. We illustrate this bias using simulations, and the results indicated that one-

sample MR RAPS [25] and the Barry et al. method [26] can be heavily biased even when the

instrument is strong (h2 > 20%, see Fig 3). CFMR, on the other hand, remains conservative in

the presence of weak instruments and strong confounding.

To conclude, we show that CFMR is a valuable new approach for MR analysis, particularly

for small sample sizes and understudied exposures. It is especially useful for investigating

exposures and outcomes that might be difficult or expensive to measure, or when dealing with

populations consisting of multiple ethnicities. Moreover, CFMR has the potential to enhance

statistical power of two-sample MR in consortia-led meta-analyses, where each cohort can

apply CFMR to its study population and the results from each cohort subsequently meta-ana-

lyzed in the final step of the analysis. Our results showed that CFMR performed particularly

well when the sample is sufficiently large (� 100, 000) and even when the instruments are

weak (h2� 1%). These advantageous features make CFMR an attractive tool to reassess the

causal effect of poorly heritable traits, especially those with genotype data accessible through

various public repositories, such as the Database of Genotypes and Phenotypes (dbGaP,

https://www.ncbi.nlm.nih.gov/gap/) or the UK Biobank (https://www.ukbiobank.ac.uk/).

Software

A typical CFMR run is provided as an R script at https://github.com/william-denault/CFMR.

The scripts used for the current simulations and application to maternal pre-pregnancy BMI

have also been deposited there.

Supporting information

S1 Appendix. Details of the additional simulations and description of the cross-population

CFMR.

(PDF)

S1 Fig. Power of CFMR vs. 2SMR. Power curves for CFMR versus two-sample MR (2SMR)

using the simulation setup described in the Simulations section in the main text (with h2 =

20%). The dashed lines represent power curves for CFMR and the solid lines represent the the-

oretical power for 2SMR [24]. Note that the solid pink line covers the solid red line perfectly.

These lines fully overlap as a result of symmetry and both lines correspond to the same effect

size but have opposite signs. The same is the case for the solid blue and gold lines.

(TIF)

S2 Fig. Mean estimates of β0 by CFMR for different values of h2 and sample size. Mean esti-

mate of beta by CFMR against the true beta for different values of beta, h2 and N.

(TIF)

S3 Fig. CFMR standard errors for different values of h2 and sample size. Empirical stan-

dard deviation of CFMR against the mean of the estimated standard deviations of CFMR for
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different values of beta, h2 and N.

(TIF)

S4 Fig. Mean of the estimated standard deviations of CFMR. Mean of the estimated stan-

dard deviations of CFMR for different values of beta, h2 and N. Each configuration was simu-

lated 1000 times. The solid line is the function f ðxÞ ¼ s

sqrtðxÞ, where σ2 is the variance of U in the

simulations described in Section 3.1.

(TIF)

S5 Fig. CFMR convergence speed for h2 = 20%. The black dots correspond to the empirical

standard deviation of CFMR for various values of β0. The red dots correspond to the empirical

standard deviation of CFMR for various values of β0 (h2 = 20%). The black line corresponds to

the function f ðxÞ ¼ s

sqrtðxÞ, where σ2 is the variance of the simulations described in Section 3.1.

(TIF)

S6 Fig. CFMR standard error for h2 = 20% and different sample sizes. Empirical standard

deviation of CFMR against its theoretical standard deviation for different values of β0 and N,

with h2 = 20%.

(TIF)

S7 Fig. Density of CFMR estimates for h2 = 0% and different sample sizes. Density of the

estimation of CFMR when no instrument is causally related to the exposure, based on different

sample sizes.

(TIF)

S8 Fig. Density of CFMR estimates for different values h2% and different sample sizes.

Density of the estimation of CFMR when β0 = 0 for different sample sizes. The variance

explained by the instrument (h2) is displayed on top of each plot.

(TIF)

S9 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−3. Pre-

dicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of the

difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on

each training set, using a P-value threshold of 10−3. Right panel: the boxplot of the difference

between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on each test

set, using a P-value threshold of 10−3.

(TIF)

S10 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−4.

Predicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of

the difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy

BMI on each training set, using a P-value threshold of 10−4. Right panel: the boxplot of the dif-

ference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on

each test set, using a P-value threshold of 10−4.

(TIF)

S11 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−5.

Predicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of

the difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy

BMI on each training set, using a P-value threshold of 10−5. Right panel: the boxplot of the dif-

ference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on
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each test set, using a P-value threshold of 10−5.

(TIF)

S12 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−6.

Predicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of

the difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy

BMI on each training set, using a P-value threshold of 10−6. Right panel: the boxplot of the dif-

ference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on

each test set, using a P-value threshold of 10−6.

(TIF)

S13 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−7.

Predicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of

the difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy

BMI on each training set, using a P-value threshold of 10−7. Right panel: the boxplot of the dif-

ference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on

each test set, using a P-value threshold of 10−7.

(TIF)

S14 Fig. Boxplot of predicted pre-pregnancy BMI performance; P-value threshold 10−8.

Predicted pre-pregnancy BMI performance on test and training sets. Left panel: the boxplot of

the difference between the predicted pre-pregnancy BMI and the observed pre-pregnancy

BMI on each training set, using a P-value threshold of 10−8. Right panel: the boxplot of the dif-

ference between the predicted pre-pregnancy BMI and the observed pre-pregnancy BMI on

each test set, using a P-value threshold of 10−8.

(TIF)

S15 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−3. Predicted pre-pregnancy BMI performance on test and training sets. Left

panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets against true val-

ues using a P-value threshold of 10−3. Right panel: the bivariate plot of the predicted pre-preg-

nancy BMI on test sets against the true values using a P-value threshold of 10−3.

(TIF)

S16 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−4. Predicted pre-pregnancy BMI performance on test and training sets. Left

panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets against true val-

ues using a P-value threshold of 10−4. Right panel: the bivariate plot of the predicted pre-preg-

nancy BMI on test sets against the true values using a P-value threshold of 10−4.

(TIF)

S17 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−5. Predicted pre-pregnancy BMI performance on test and training sets. Left

panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets against true val-

ues using a P-value threshold of 10−5. Right panel: the bivariate plot of the predicted pre-preg-

nancy BMI on test sets against the true values using a P-value threshold of 10−5.

(TIF)

S18 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−6. Predicted pre-pregnancy BMI performance on test and training sets. Left

panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets against true

values using a P-value threshold of 10−6. Right panel: the bivariate plot of the predicted
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pre-pregnancy BMI on test sets against the true values using a P-value threshold of 10−6.

(TIF)

S19 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−7. Predicted pre-pregnancy BMI performance on test and training sets.

Left panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets

against true values using a P-value threshold of 10−7. Right panel: the bivariate plot of the

predicted pre-pregnancy BMI on test sets against the true values using a P-value threshold

of 10−7.

(TIF)

S20 Fig. Predicted pre-pregnancy BMI performance on test and training sets; P-value

threshold 10−8. Predicted pre-pregnancy BMI performance on test and training sets. Left

panel: the bivariate plot of the predicted pre-pregnancy BMI on training sets against true val-

ues using a P-value threshold of 10−8. Right panel: the bivariate plot of the predicted pre-preg-

nancy BMI on test sets against the true values using a P-value threshold of 10−8.

(TIF)

S21 Fig. CFMR and one-sample MR estimates of pre-pregnancy maternal BMI effect on

birth weight. CFMR and one-sample MR (1SMR) estimates of the effect of pre-pregnancy

maternal BMI on birth weight, with 95% confidence intervals.

(TIF)

S22 Fig. Bias comparison between one-sample MR, MR RAPS, the method by Barry et al.,
and CFMR. Summary of the simulations performed in Section 3.2. The x-axis corresponds to

the number of individuals used in each simulation (1000; 5, 000; 10, 000; and 50, 000), and the

y-axis corresponds to the estimated effect. The solid horizontal black line corresponds to the

true value of the effect to be estimated. The dashed and solid lines lines correspond to the vari-

ance X explained by the genetic marker used as instrument (10% and 20%). The different types

of lines correspond to the variance X explained by the genetic marker used as instruments

(10% and 20%). The red lines correspond to the mean estimate using one-sample MR. The

green lines correspond to the mean estimate using the Barry et al. method. The pink lines cor-

respond to the mean estimate using MR RAPS and the blue lines correspond to the mean esti-

mate using CFMR.

(TIF)

S23 Fig. Cross-population CFMR vs CFMR. Panel a: the blue density represents the density

of the cross-population CFMR (labeled as ‘cross pop CFMR’ in the figure) estimates of the

parameter of interest in the simulation described in Section 3.3 for n = 1000. The vertical line

corresponds to the true value of the parameter of interest, here equal to 1. The red density rep-

resents the density of the CFMR estimates of the parameter of interest in the simulation

described in Section 3.3 for n = 1000. Panels b, c and d are the same as Panel a, except that

n = 5000, 10,000 and 50,000 in each of these, respectively.

(TIF)

S1 Table. Power CFMR for h2 = 20%. Estimated power of CFMR for different values of β0

and different sample sizes, with h2 = 20%.

(PDF)

S2 Table. Type I error of CFMR, h2 = 20%. Type I error of CFMR for different sample sizes,

with h2 = 20%.

(PDF)
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S3 Table. Power CFMR in large sample. Power of CFMR for different sample sizes and values

of h2.

(PDF)

S4 Table. Type I error of CFMR in large samples. Type I error of CFMR for different sample

sizes and values of h2.

(PDF)

S5 Table. CFMR estimates (raw scale).

(PDF)

S6 Table. Association of CFI with potential confounders.

(PDF)

S7 Table. Bias in one-sample MR. Estimation of the effect of X on Y for β = 0.8 by one-sample

MR and CFMR, respectively. The simulations are detailed in Section 3.2.

(PDF)

S8 Table. Cross-population CFMR estimates. Estimation of the effect of X on Y for β = 1 by

cross-population CFMR (cpCFMR) and CFMR, respectively. The simulations are detailed in

Section 3.3. Each scenario has been simulated 1000 times.

(PDF)
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